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Stating of the problem

Av™ = By + f, (1)

where operators A, B are linear and continuous, acting from Banach space U to &, absolute term
f = f(t) models the external force.

o(n)
AN = Bn+w, )
o(m)
n (0):§m7m:0717"'7n_17 (3)
o(n)
AN "= Bn+w+ Cu, (4)

o
where 1 = n(t) is a stochastic process, 7 is the Nelson — Gliklikh derivative of process 7,
w = w(t) is a stochastic process that responds for external influence; u is unknown control
function from the Hilbert space i of controls, operator C' € L(i1; &).

P(?zm) (o)fgm) =0, m=0,..,n—1. (5)

(7, @), where 7 is a solution to problem (4), (5), and the control 4 belongs to $,4 C 4, and
satisfies the relation

J(h, @) = min(n,u) J(n,u). (6)
Here J(n, ) is some specially constructed penalty functional and §l,4 is a closed convex set in
the Hilbert space il of controls.
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Introduction

dn = (Sn+v)dt + Adw, (7)
Ly = Mn+ Nw, (8)
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The spaces of "noises". Stochastic K-processes. Phase space

Let Q = (2, A, P) be the complete probability space. A measurable mapping £ : Q@ — R is called
a random variable. Let Ag be a o-subalgebra of o-algebra A. Construct subspace Lg C L2 of
random variables measurable with respect to Ag. Denote the orthoprojector by IT: Ly — L3. Let
£ € La, then TI¢ is called a conditional expectation of the random variable &, and is denoted by
E(¢|Ao).

Consider a set J C R and the following two mappings. f : 7 — Lag, associates to each ¢t € J the
random variable £ € La. g : Lo X  — R, associates to each pair (£,w) the point £(w) € R. The
mapping 1 : R X © — R having form n = n(t,w) = g(f(¢),w) is called a stochastic process. The
stochastic process n = 7(t,-), where f and g are detined above, is a random variable for each
fixed t € 7, i.e. n(t,-) € L2, and n = n(-,w) is called a (sample) path for each fixed w € Q. The
stochastic process 7 is called continuous, if all its paths are almost sure continuous (i.e. for
almost all w € Q the paths 7(-,w) are continuous). The set of continuous stochastic processes
forms a Banach space, which is denoted by C(J,L2). Fix n € C(J,L2) and t € J, and denote by
N;! the o-algebra generated by the random variable 7(¢). For brevity, E] = E(-|N;).

Definition

Let n € C(J,L2). A random process
,,‘?]: l ( T E'tq (T](t+At,-)*T](t,-)> + lim E'tq (n(tv')fn(thtv')>>

At—0+ At At—0+ At

is called a Nelson—Gliklikh derivative 7% of the stochastic process 1 at point t € J, if the limits
exist in the sense of the uniform metric on R.
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The spaces C!(J, L2) are called the spaces of differentiable “noises”. Let 3 = {0} UR, then a
well-known example of a vector in the space C!(J, Lz) is given by a stochastic process that
describes the Brownian motion in Einstein—Smoluchowski model

B(t) = Zﬁk sm (2k + 1)t

where the independent random variables & € Lo are such that the variances
D¢, =[2(2k+1)]72, ke {0} UN.

(t)f% teRy

Now let U be a real separable Hilbert space with orthonormal basis {¢}. Denote by Uk Lo the
Hilbert space, which is a completion of the linear span of random variables

€ oo
n="> Vbror, |Inlly =D MDé.
L=l k=1

OO
The sequence K = {A\;} C Ry is such that > Ay < 400, {{x} C Lo is a sequence of random

variables. The elements of Uk Lo will be called random K-variables.

7 / 34 Alyona A. Zamyshlyaeva OPTIMAL CONTROL PROBLEM FOR STOCHASTIC HIGHER ORDER SOI



Mapping 7 : (¢,7) — Uk L2 given by
n®) = > VA€ ()ek,
k=1

where the sequence {{x} C C(T, L), is called a U-valued continuous stochastic K-process, if the
series on the right-hand side converges uniformly on any compact in J by norm || - ||gg, and paths
of process 7 = n(t) are almost sure continuous. Continuous stochastic K-process nn = n(t) is
called continuously Nelson—Gliklikh differentiable on 7, if the series

B0 =3 V% & (D
k=1

o o
converges uniformly on any compact in J in the norm || - ||y, and paths of process =7 (t) are
almost sure continuous. A stochastic K-process, which is continuously differentiable up to any
order [ € N inclusively, is a Wiener K-process

Wk () = > vV AkBr(t)er,
k=1

where {8} C C'(J, L2) is a sequence of Brownian motions on R . Similarly, if G is a real
separable Hilbert space with orthonormal basis {¢f}, the spaces C(J, 6k L2) and
CY(3,6KL2), | €N, are constructed. Note also that spaces C!(J, L), C(J,VkL>) and
C!(3,6KL2), | €N, are called the spaces of differentiable K-"noises” .
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Stochastic Sobolev type equations of high order with relatively p-bounded

operators

A,B € L(UkLz,6kLz2). pA(B) = {p € C: (uA — B)~! € L(®kLz2,VkL2)} and
c4(B) =C\ pA(B). (1A — B)~!, R2(B) = (uA — B)"'A, LA(B) = A(nA — B)~1 If the set
o4 (B) is bounded (Ja > 0: (Ju| < a) = pu € o2(B)) then the operator B is called
(A, o)-bounded.

Let the operator B be (A, o)-bounded, p € {0} UN.
on(B)={peC:pum€o?(B)}iy={neC: |yl =rr">a}
1 1
P=_—— /u"*IR;‘n (B)du € L(ULa), Q= — /M"*IL;‘,L(B)du € L(GkLo).
27 27
¥ ¥

Here, R/, (B) = (1" A — B)~'A and L, (B) = A(uA — B)~!. Put
VY Lo (Vi L) = ker P(im P), % Lo (65 L2) = ker Q(im Q). Thus, the spaces Uk Ly and
Bk Ly since P and Q are projectors, can be decomposed into direct sums
Vg Lo=PY% Ly @ VL2 and ExLo=6Y Lo P 63 Lo, whereas U9 Ly D ker A. By A (By)
define the restriction of operator A(B) onto V¥ Lg, k=0, 1.

The operators Ay, By, € E(W’f(Lz; QS’I“(Lg)7 k = 0, 1; moreover, there exist the operators
Byt € L(6%L2; VY Lo) and AT' € L(®4 La; Uk La).

H =By A0 € L(VYL2), S = AT'B1 € L(UkLa).
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The (A, 0)-bounded operator B is called (A, p)-bounded, p € {0} UN, if oo is a removable
singular point (i.e. H = O, p = 0) or the pole of order p € N (i.e. HP # 0, HPT! = Q) of the
A-resolvent (uA — B)™! of operator B.

o(m)

An (0) = A&m, m=0,...,n—1,

and has advantages over the Cauchy condition (3) in the case of Sobolev type equations

. o(m)
tl_l,%l_,_P(n (t)fém) =0, m=0,..,n—1. (9)

The K-random process € C™(J, Bk L>) is called a classical solution of equation (2), if a.s. all
its trajectories satisfy equation (2) for some K-random process w € C(J, &k L2). The solution
n = n(t) of (2) is called the classical solution of problem (2), (9) if a.s. condition (9) is also
fulfilled. The classical solutions of the problems (2), (5) and (2), (3) are defined analogously.
Consider firstly problem (3) for the homogeneous equation

45" = By, (10)

In this case (and only in this case) consider J = R.

Definition

The mapping V € C°°(R; L(UkLz2)) is called a propagator of equation (10), if for all v € ULz
the vector-function 7(¢) = V(¢)v is a solution of (10).
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Let the operator B be (A, c)-bounded. Then, the operator-functions

1
Vin(t) = == [ p"~" "1 (u" A — B)Aettdy,
27 Jy
where m = 0,1,...,n — 1 and the integral is understood in the sense of Riemann, define the

propagators of equation (10).

<

Lemma

Ve € C%°(R; £L(Vk La; DL La2)), (Vi (1) = Vi (t), wherem =0,1,...,n — 1,
1=0,1,...,m; (Vm(t))gb ’t—O = QO form #1 and (Vm(t))gm) ’t—O = P is the projector in
WKLz on %%Lz along ‘B%Lz.

Definition

The set P C VL2 is called the phase space of equation (10) if

(i) a.s. every trajectory of the solution 7 = 7(¢) lies in P pointwise, i.e. n(t) € P a.s. for all t € R;
(ii) for all random variables &, € L2(Q2;9), m =0,1,...,n — 1, there exists a unique solution

n € Ck Ly of (3), (10).
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Let the operator B be (A, p)-bounded, p € {0} UN. Then the subspace W%{Lz is the phase space
of equation (10).

4

Corollary

Under the conditions of Theorem the solution of (3), (10) is the Gaussian K-random process if
the random variables £, m = 0,1,...,n — 1, are Gaussian.

Lemma

Let the operator B be (A, p)-bounded, p € {0} UN. Then for all independent random variables
&m € UgLa, m =0,1,...,n — 1, there exists a.s. a unique solution n € C®Ly of (5), (10),

n—1
represented in the form n(t) = > V! &m, t € R. If in addition &y, m =0,1,...,n — 1 take
m=0

values only in Vi Lz, then this solution is a unique solution of (3), (10).
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Let the K-random process w = w(t),t € [0,7) be such that
(I-Q)w € C™P+1) (3, &K Lo) and Qu € C(J, 6k La), (11)
then the K-random process
L (an) /
n(t) =S HIBy'I-QNw (¢ +/V;:§A;1QNw(s)ds (12)
0

q=0

is a unique classical solution of (5), (2) with &m € Y%Lz, m =0,...,n — 1.

Let the operator B be (A, p)-bounded, p € {0} UN. For any K-random process w = w(t)
satisfying (11), and for all independent random variables &, € YxLa, m =0,1,...,n—1,
independent with w, there exists a.s. a unique solution n € C™(J,®kLg) of (2), (5), represented
in the form

n—1 P
nt)=> Viém — > HIBy'(1-Q)
m=0

q=0

o (qn)
w

t
O+ [ Vi Quids.  (13)
0
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Strong solutions

Definition

A vector function

(n)
n € HM(VkLa) = {n € Lo(3;VkLa) : 1 € La(J; Uk La)}

is called a strong solution of equation (2), if it a.s. turns the equation to identity almost
everywhere on interval (0, 7). A strong solution 7 = n(t) of equation (2) is called a strong
solution to problem (2), (5) if condition (5) a.s. holds.

H"(VkLg) = C"1(3; Dk La).

o(np+
H"P+7 (@K Lg) = {v € La(3; 6xLa) 27 € Ly(3; 6k La),p € {0} UN}.

Let w € H"p+"(Q5KL2). Introduce the operators

Avw(t) = — io B 1- Q) '™ (1),
pa

t
Asw(t) = [VITSATIQu(s)ds,t € (0,7)
0

and the function
n—1
k()= Viém.
m=0
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Strong solutions

Let the operator B be (A, p)-bounded, p € {0} UN. Then
(i) Ay € L(H™ (G La); H™ (T Lz));

(ii) for arbitrary &y € VLo, m = 0,n — 1 the vector function k € C™ ([0, 7); YxLz2);
(III) A2 S ﬁ(H"P+"(Q§KL2);H"(mKL2))_

o(n)
A" = Byt w, )

P(?’%(m> (o)fgm) =0, m=0,..,n—1. (5)

Let the operator B be (A, p)-bounded, p € {0} UN. For any K-random process w = w(t)
satisfying (11), and for all independent random variables &, € ULz, m=0,1,...,n—1,
independent with w, there exists a.s. a unique strong solution to problem (2), (5).
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Optimal control

onp+tn N
H (UkL2) = {u € L(0, 73Uk L2) : u(™"T™) € Ly(0, 738k L2),u(?(0) = 0 a.s.,q = 0, p},

onp+n onp+n
p € {0} UN. In the space H (Mt L2) we single out a closed convex subset Hy (8l L2),
which will be called the set of admissible controls.

Definition

np+n
A vector function 4 € I;'a (M L2) is called an optimal control of solutions to problem (4),
(5), if relation (6) holds.

onpt+n
We need to prove the existence of a unique control @ € Hy (Yt L2 ), minimizing the penalty
functional

np+n

T oola) 0@ T o(a) ol(q)
sy =Y [T =0 B rr S [N ETET) s s
q=0"0 q=0 “0 ULy
Here p,v >0, u+v =1, Ng € L(MkL2), ¢=0, 1, ..., np + n, are self-adjoint positively

defined operators, and 7j(t) is the target state of the system.

Let the operator B be (A, p)-bounded, p € {0} UN. Then for arbitrary w € H"PT" (& Lo) there
exists a unique optimal control to solutions of problem (4), (5).
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Multipoint initial-final value problems for dynamical Sobolev-type equations

in the space of noises

Introduce the following condition:
m

al(M) = U ajL(M), for m € N; moreover , U]»L(M) # (), there exist closed

=0
contoursy; C C, bounding corresponding domains D; D UJI-’(M), such that ()

DjNof(M)=0 and DyND; =0 for all j,k,1=T1,m with k # 1.
Consider the linear stochastic Sobolev-type equation
Ln=Mn+ Nuw, (15)

where 1 = n(t) is the required stochastic K-process and w = w(t) is a known stochastic
K-process, and the operator N € L(;F).

Take 790 = 0 and 7; € Ry with 7,1 < 7; for j = 1,m. Complement (15) with the multipoint
initial-final conditions

Jim Fo(n(®) =) =0, Pi(n(r))~&) =0, j=Tm. (16)

k=1

where £, € Lz is a Gaussian random variable such that series (17) is convergent. Call a
stochastic K-process n € C}. Ly a (classical) solution to (15) whenever a.s. all its trajectories
satisfy (15) for some stochastic K-process w € Cg Lz, some operator N € L(4;F), and all

t € Z. Call a solution n = n(t) to (15) a (classical) solution to problem (15), (16) whenever in
addition condition (16) is satisfied.
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Multipoint initial-final value problems for dynamical Sobolev-type equations
in the space of noises

For p € {0} UN take an (L, p)-bounded operator M and assume that condition (A1) holds. Given

7; € Ry for j =1, m, an operator N € L(;F), a nuclear operator K € L({) with real spectrum
o(K), a stochastic K-process w = w(t) such that (I — Q)Nw € CI}’(+1L2 and QNw € CgLo,
and random variables §; € La, for j = 0,m, such that (17) are fulfilled, there exists a unique
solution 1 € C}<L2 to problem (15), (16); moreover, it is of the form

n(t) = — i HIMGH (I - Q) (t)

q=0
& t—7; [ t—T7;—s . 1

+Z[Uj Jgj+/ U, Lleij(s)ds}, tel
i=0 E

If all the hypotheses of Theorem 16 hold and w(t) = W (t) then, given random variables & €Ly
as in (17), there exists a unique solution to problem (15), (16); furthermore, it has the form

(18)

xe t—7; & t—T;,—s . _
nt) =7 [Uj 16— Sij/ U;” " T L3 Qi NWk (s)ds
o -
’ ’ (19)

P
+ L QNWk(8)] - S HIMG 1 Q) WiV (1), teRs.
g=0
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Linear Hoff equation with additive “white noise"

Consider a bounded domain D C R? (d € N) with boundary 8D of class C>°. Denote
U={ue WZH'Q(D) cu(z) = 0,2 € D} and § = Wi(D), where | € {0} UN.

Fixing «, p € R, construct the operators L = pul + A and M = al, where A is the Laplace
operator. Consider also the spectral problem

—Au =vuin D and u(z) =0 for = € 9D. (20)

Its solution is a family {v;} C R4 of eigenvalues enumerated in the nondecreasing order taking
their multiplicities into account and accumulating only to +o0o, as well as the associated
orthonormal (in the sense of F) family of eigenfunctions {¢;}.

For all i € R and o € R\ {0} the operator M is (L, 0)-bounded; moreover, its L-spectrum is

e
O'L(M):{NkzmvkEN\{l5N:Vl}}U{0}~ (21)
Furthermore, for m € N construct the operator A = (—A)™ with
dom A = {u € WL2™(D) : APu(z) =0, z € D, k =0,m — 1}.

The family of eigenfunctions of A coincides with the family {¢;}, while its family of eigenvalues
2m

is {vjm} Since their asymptotics is " ~ j d — 0o as j — oo, we can choose m € N so that,

firstly, the dimension d of the domain D has some acceptable physical meaning, and secondly, the

series Z‘;‘;l(ujm)_l converges.
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Linear Hoff equation with additive “white noise"

Then the Green operator of A is nuclear, and we take it as K. Therefore, consider the linear
stochastic Hoff equation in the form

L = Mn + Wk, (22)

V\ghere Loand M are defined above, while N is the embedding operator I : {{ <— § and

Wg = Wk (t) is the Nelson-Gliklikh derivative of the {-valued Wiener K-process W = Wi (t),
fort € Ry.

Take the projectors

Iy(Tg) if p#v; Vj €N;

PQ) = {]Iu _ Zj:u:l’j (- 05)0;5 (Hg — Zj:,u,:uj <‘,T/Jj>wj)7

Furthermore, choose h € Ry with h < max;en{|v;|} and construct the projectors
Pr=Iy— > (oups, Qu=Ig— > (¥)sv5

h<|vj| h<|vj| (23)
Po=P—-F, Qo=Q-Q1.
Observe that in the construction of these projectors condition (Al) holds because

Ué%%; = {fZ]\/E[)UL(@M) : lvj| < h} and of (M) = {u; € o¥(M) : |v;| > h}; hence,
(o5 Noy = 0.
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Linear Hoff equation with additive “white noise"

Choose 71 € R4 as well as random variables £y and &; independent of each other and of
stochastic K-processes 7 and pose the initial-final conditions

t£%1+ Po(n(t) —&) =0, Pi(n(m1)—¢&1)=0, (24)
& = Z VVeborpr, &1= Z mguctpk. (25)
k=1 k=1

If condition (A1) is satisfied then for all numbers p € R, o € R\ {0} and 71 € Ry, as well as

random variables yy, and&yy, such as D&y, < Co and D&y, < Cy for some Cy, C1 € Ry there

exists a unique solution n = 1(t), fort € Ry, to problem (22), (24); furthermore, it is of the form
n(t) = (Lig Qo + LT Q1)Wik (t) — LT Q1 Wk (71)

t
~ Sobo / U™ °Lig QoW (s)ds + Ugéo + Uy &1 (26)
0
t o
— 5Py / Ul L Qi Wi (s)ds — My (1 — Q)N W (t),
T1

fort € Ry.
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Linear Hoff equation with additive “white noise"

Here
U= Y. e™(euei, U= > ™ {,0ues
VjEUé’(M) VjEUf’(M)
L= >, (u—v)) ' enues
vj€ak (M)
L= > (p—w)  eiduy,
V]EO'I(M) (27)
Swo=a > (p-v) e enues,
VjGO'(I)’(M)
Su=a D> (p—v) T edues
u]-Eo'f‘(M)
My = ‘12 Y3 Fbj-
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Relatively radial operators and Cjy-semigroups in spaces of K-noises

Definition

The operator M is said to be p-radial with respect to an operator L(or (L, p)-radial), if it satisfies
the following two conditions:

(iYIaeRY u>apcpt(M);

(i) I K >0V pg >a, k=0,....,p, Vn €N

s | (8t 00) gy | (e O0) |y } <

-
[T (pe —a)™
k=0

| \

Definition

A mapping V°® € C(R4; L(HkLy)) is called a semigroup in a Hilbert space Hk L, if

VSVt = vstt Vst eRy.

4

Let us identify the semigroup with its graph {V? :¢ € Ry }. The semigroup {V* : ¢t € Ry} will be
called a Co-semigroup (strongly continuous semigroup), if it is strongly continuous for ¢ > 0 and
there exists tlir51+ Vty = v as. (i.e., for almost all w € Q). The set

—

kerV® = {v € HkL, : a.s.Viv =0 3t € R;} will be called the kernel, and the set
imV® = {v € HkLy: a.s.v =V%} — the image of the semigroup {V*:t c R }.
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Relatively radial operators and Cjy-semigroups in spaces of K-noises

Theorem (14)

Let M be an (L, p)-radial operator. Then there exists a Co-semigroup of operators on the space
UkL, (FkLy).

Ul =s— lim

k—o0

k(p+1)
(MR (,,“)(M)) " e L(UKLy) (28)

. k + 1 k(P+1)
(Ft —s— lim (%Li(pm (M)) € L(FkLy) | .
t

k—o0

Denote ker U® = Ug(Lg, ker F'®* = F(I)(Lg,
imU® = U%ch, imF® = U%(LQ, and by Lk(Mk) denote the restriction of the operator L(M)
to UX Ly (domM MUK Ly) for k=0, 1.

Let M be an (L, p)-radial operator. Then the following assertions hold:

(i) Lo € L(U%Ly; F) Ly and My € CL(UY La; F) Ly);

(ii) There exists an operator My ' € L(F9Ly; U%Ls);

(iii) The operator H = Mo_lL (G = LMo_l) is nilpotent with degree < p.
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Relatively radial operators and Cjy-semigroups in spaces of K-noises

Assume that there exists an operator

L7t € L(FkLa; ULLo) (29)
and that the spaces Uk Ly and F L, split as follows:
UkL, = ULy ® ULy, FgL, = F4 Lo @ FLo. (30)

Conditions (29) and (30) are satisfied if the Hilbert spaces UL, andd F L, are reflexive or if
the operator M is strongly (L, p)-radial.

Let M be an (L, p)-radial operator, and let conditions (29) and (30) be satisfied. Then
Ly € L(UkLo;Fi Ly) and My € Cl(UY Ly; FY Lo).

Any of the splittings (30) of a space is equivalent to the existence of the corresponding projector.

This projector has the form s — lim U?.
t—04

Let M be an (L, p)-radial operator. Then the operator S = L1_1M1 (T = MlLl_l) is the

generator of the Co-semigroup Uy (Ff) that is the restriction of the semigroup U® (F'®) to the
space U%<L2 (F%Lz).
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Relatively radial operators and Cjy-semigroups in spaces of K-noises

Consider the linear stochastic Sobolev type equation

L ;)I: Mn. (31)

A stochastic K-process 7 € C1(J; Uk L,) will be called a ( solution of (31) if substituting it into
this equation a.s. results in an identity.

Definition

A set B C UL, will be called the phase space of (31) if its satisfied the following conditions:
(i) Each trajectory of the solution n = 7(t) to (31) a.s. lies in ;
(ii) For a.a. g € P there exists a solution of (31) with the condition 7(0) = 7o.

Theorem

| A\

Let M be an (L, p)-radial operator, and let conditions (29) and (30)be satisfied. Then the phase
space of (31) coincides with the image of the resolving semigroup of the form (28).

v
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Relatively radial operators and Cjy-semigroups in spaces of K-noises

Consider the inhomogeneous equation

L= Mn+w, (32)

where the vector function w belongs to the space C*°(J; FkL2), 7 =[0,t). Let M be an
(L, p)-radial operator, and let conditions (29) and (30) be satisfied. Then (32) can be considered
in the form of the system of two equations

Hi® =n° + My (I - Q)uw’, (33)
7t =Sn' + L Qu'.

Corollary

By Lemma 4, the operator H is nilpotent; therefore, the Cauchy problem n°(0) = n§ for (33) is
unsolvable for

diw0
dtd

P
m #— Y HPMy ' ——(0).
q=0

Consequently, for the Cauchy problem n(0) = no for (32) to be uniquely solvable, it is necessary
to impose auxiliary conditions depending on the right-hand side of the equation on the vector nyg.
”

27 / 34 Alyona A. Zamyshlyaeva OPTIMAL CONTROL PROBLEM FOR STOCHASTIC HIGHER ORDER SOI



Relatively radial operators and Cjy-semigroups in spaces of K-noises

By the preceding, for the initial conditions we consider the Showalter-Sidorov conditions

lim (Rg(M))P*!(n(L) — o) = 0. (34)
t—0+
Let M be an (L, p)-radial operator, and let conditions (29), (30), be satisfied; then relation (34)

is equivalent to the condition
P(n(0) —no) = 0.

Let M be an (L, p)-radial operator, let conditions (29), (30) be satisfied, and let the inclusion
w € C°(J;FkLsa) hold, 3 = [0,T). Then for each ng € Uk Lg there exists a solution
n € C1(J; UkLs) of the Showalter-Sidorov problem (34) for (32), and it has the form

t

P 0

. d i

n(t) = Ulno = 3 HP Mg ' =2 (1) +/Ut s L7 Quids.
0

q=0

28 / 34 Alyona A. Zamyshlyaeva OPTIMAL CONTROL PROBLEM FOR STOCHASTIC HIGHER ORDER SOI



Relatively radial operators in Hilbert spaces of differential k-forms with

stochastic coefficients

Let M be a smooth compact oriented Riemannian manifold without boundary with local
coordinates 1,2, ..., Zn. By Hxy = Hy, (M, Q) denote the space of smooth differential k-forms
k=0,1,2,...,n with stochastic coefficients of the form

Xiq,ig,orig, (B T1y T2y ooy Ty W) = E @iy ig,..yig (B Tig s Tigy ooy Tiy y W)ATiy AdTip A.. Adi fy
li1,i2,..ig|=k

where a;, 5.0 (t, Ty, iy, ..., T4y, ,w) are coefficients depending, among other variables, on

time, and |1, 42, ..., ig| is a multi-index.

One has the standard inner product

(5,5)0:/5/\*8, &, e € Hy. (35)
M

Here * is the Hodge operator and A is the operator of exterior multiplication of k-forms.
Completing the space Hj, by continuity in the norm || - |o corresponding to the inner product (35)
we obtain the space ﬁg. Introducing inner product in the spaces of differentiable or twice
differentiable (in the Nelson—Gliklikh sense) k-forms and completing the space in the norms
corresponding to these inner products, we construct the spaces §; and $2. For these Hilbert
spaces, one has continuous embeddings

92 C Hr C HY.
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Relatively radial operators in Hilbert spaces of differential k-forms with

stochastic coefficients

In the spaces constructed, we can use a Laplace — Beltrami operator
Au = db + ddu,

where d is the operator of exterior differentiation of differential forms and the operator § = *dx is

the adjoint of the operator d.
The following generalization of the Hodge—Kodaira theorem holds for the resulting spaces.

For the space ﬁk,l =0, 1,2, one has the following decomposition into the direct sum of
subspaces:

9}, = 9k ® s ® Hia, 1 =0,1,2,

where 1.4 is the space of potential forms, $i.s is the space of solenoidal forms, and $yq is the
space of harmonic forms.
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Relatively radial operators in Hilbert spaces of differential k-forms with

stochastic coefficients

Let K = {\;} be a sequence such that Z A2 < +o00. By {¢1} and {t);} denote the systems of

eigenvectors of the Laplace—Beltrami operator orthonormal with respect to the inner products in
i)o and 57)2. These systems form bases in the spaces ﬁo and 552 The elements of the spaces

Y)O L2 and 5’) kL2 are vectors x = Z Ak and kK = Z A Cr¥k, the sequences of random

variables {1} C L2 and {¢x} C Lo are such that D¢, < const and D¢, < const. Construct the
set of continuous processes C(J; ﬁkKLg) and the set of continuously Nelson — Gliklikh
differentiable processes C! (3 H{ Lo).
Define operators L, M : HkKLQ — HkKLQ by the formulas

L=X+A, M =vA —idA? (36)

and reduce (32) to the equation

L X= Mx. (37)

For any v, A\, d € R, the operator M is strongly (L, 0)-radial.

i) If X o1}, then the phase space of (37) coincides with the space $9. Lo.
kK
(ii) If X € {01}, then the phase space of (37) is the space
P={e e HYLs <z, >=0,0, = A}
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Relatively radial operators in Hilbert spaces of differential k-forms with

stochastic coefficients

Consider the inhomogeneous stochastic Ginzburg — Landau equation
(A4 A)xe = vAx — idA%x + 0 (38)

in the space of differential forms with stochastic coefficients ﬁgKLg given on smooth compact
oriented Riemannian manifolds without boundary. Making the change of variables by formula (15)
and denoting the inhomogeneity by w = ©, we obtain an equation of the form (32) and can apply
abstract theorem to the problem with the Showalter-Sidorov condition

P(x(0) — xo0) = 0. (39)
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Relatively radial operators in Hilbert spaces of differential k-forms with

stochastic coefficients

For any v, X\, d € R any vector function w € C*°(J;FkL2), J=[0,t), and an arbitrary
Xo € UkLs there exists a solution x € C'(J; UkLs) of the Showalter-Sidorov problem (39) for
(38), which has the form

t S T 1 d w” t—s,,
X(6) = Uxo = Y(ET MOPMG 2 (1) + / U
q9=0
o0
> MRt < op > oy,
where Ut = k=1 and the operators are defined by the relations
X etRt < pp > g,
kiop#X
+00 i=cS .
L A+or)"t < 08 > o, > (voy, —ido?) < - ok > P,
Ly = k=1 1 My, = k=1 oy
A+or)™" < 0K > @k, > (vog —idog) < ok > Pk,
kiop#\ kiop#X
. 0, o # A\, Vk €N,
My~ = > (vop —idop)™ <, 0 > o
ko #X
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Thank you for your attention!
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