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A random walk

Suppose there is a particle at a point v € Z9 at time t = 0. This particle
will either move to a point u # v, u € Z9 or will remain at v over a short
period of time dt.

a probability of the transition v — u

p(v,u,dt) = a(v, u)dt + o(dt),

a probability of the transition v — v

p(v,v,dt) =1+ a(v,v)dt + o(dt).
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The transition intensity 1

The value a(v, u) is called the transition intensity between v and u.

(1) a(v,u) =20, v#u ]

(i) a(v,v) <0; )

(i) > a(v,u) =0; ’

uezd
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The transition intensity 2

Let g1, ..., 84 be a family of linearly independent (not necessarily
orthogonal) vectors with integer coordinates. By a lattice we mean a set

d
F:{gEZd:g:angj, nJ-EZ,jzl,...,d}.

Jj=1

(v) a(v,u) = a(u,v)=a(v+g,u+g), VgerTl; J

(v) 2 llullPla(v, u)] < oo, v € Z7;
uezd

(vi) the graph G = (Z9, €) with the vertex set Z9 and edge set
E={(v,u): a(v,u) >0, v,uc 7%

is connected.
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A branching source

Suppose there is a particle at a point with branching source and it can't
move anywhere from there. We assume that a particle can generate
several descendants over a short period of time dt.

a probability of generating k # 1 descendants

Pk = biot + O((St).

a probability of generating k = 1 descendant

p1 =1+ biot + o(dt).
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The branching intensity

The value by is called a branching intensity into k descendants.

(1) bk >0, k#1; )

(2) by <0 J

+oo
(3) 3 b =0; ’
k=0

(4)ﬁ:§kbk<oo; ’
k=1
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Locations of the branching sources

Let branching intensities depend on the point v and value 3(v) be
periodic with respect to the lattice I'.

(5) Bv+g)=p8(v), gel. |
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A random walk with a periodic set of branching sources

We assume that each new particle evolves according to the same law
independently of other particles.

Each particle located at a point v € Z¢ at time t can either move to a
point u # v or remain at the source and produce k # 1 descendants
located at the point v (for k = 0 we assume that the number of
descendants is 0; that is, the particle dies) or remain unchanged (that is,
no changes occur) over a short period of time [t; t + Jt).

a probability of transition v — u

p(v,u,0t) = a(v, u)dt + o(0t),

a probability of generating k # 1 offsprings in v

pi(v,dt) = be(v)dt + o(dt).

A

a probability of remaining unchanged

p(v,dt) =1+ a(v,v)dt + bi(v)dt + o(dt).

4
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Finite number of branching sources

Yarovaya E., et. all [1998-2007]

One source. Asymptotic behaviour of all moments. Limit theorems.

Vatutin V., Topchii V. [2005]

Limit theorem for catalytic BRW on Z with one source of branching in
super critical case.

Rytova A., Yarovaya E. [2018]

Extinction probability for sub and super critical cases.

Khristolyubov I., Yarovaya E. [2019]

N sources. Asymptotic behaviour of all moments in subcritical and
supercritical cases. Limit theorems.
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Mean value of particles

By M(v, u, t) we denote the mean number of particles at a point v at
time t, provided that at the initial time t = 0 there was one particle at a
point v. The function M(v, u, t) satisfies the following Cauchy problem:

The Cauchy problem

{M;(v, u,t) = AM(v, u, t),
M(v,u,0) = d,(v).

The operator A

A=A+ Q,
(Aof)(v) = Y a(v, w)f(w),
wezZd

(QF)(v) = B(V)F(v).
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Properties of A

The operator A : ¢2(Z9) — (?(Z) satisfies the following properties:
e A is bounded;
o A is self-adjoint;
@ A is non-positive;
o A is periodic with respect to the lattice I'.

Connection with a discrete Laplacian

If condition (v) is replaced with stronger condition that for any v € R?
there are only finite number of transition probabilities a(v, u) are not
zero, then operator —Aq is a discrete combinatorial Laplacian on the
graph G defined in (vi). In this case operator —A is a discrete
Schédinger with periodic potential.
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Asymptotic behaviour of M(v, u, t)
The function M(v, u, t) has the following asymptotic behaviour as t — oo
M(v, u,t) = eMOte=% (v, u)(1 n O(t*1)>

where

(2m)%  i(v/,0)y(d,0)

el flae{z], )

where v=Vv' 4+, u=u 4+, vV,u €Q, v,y €T.

co(v,u) =

If a(v, u) decays fast enough then

Kirill Ryadovkin, Mariia Platonova




Fundamental vertex set

We can choose a set of vertices Q = {vi, ..., v,} such that for any
u € Z9 there is an unique representation

U= wy+ Yu, CL)UEQ7’YL,€F.

w
Dual basis

<§,’, gj> = 27‘((5,1

4

Dual cell

d
C={0eR?:0=> 0;F, —1/2<6;<1/2,j=1,...,d}.
j=1
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An auxiliary matrix family

a1 (6) ;‘ I 5162(9) e Elp(g)
A6) — 321:( ) ans( ):+ B2 . a2p.( ) ’
5al6)  3a(6) - 3p(0)+ B,

where the functions aj(6) and constants J; is defined by

a(0) = e a(vi+g,w), B =Bv)

ger

Connection between .4 and A(6)

Let the eigenvalues of the matrix family A(6) be ordered in
non-increasing order for every parameter 6: A\1(0) > ... > A,(0).

o) = U U MO,

Jj=lgeC
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Properties of A\1(6)

For \1(0) the following statements hold:
a) Foralld eC
A1(0) — A1(0) > 0.
The equality is achieved only for 6 = 0.

b) the distance between the right edge of the spectrum of A and the
right edge of the second spectral band is positive, i.e.

/\1(0) — sup)\z(ﬁ) > 0;
0eC

c) the determinant of the Hessian matrix of A\1(0) does not vanish at

0=0, ie. ,
er {0} #o

d) A1(0) is not an eigenvalue of A.
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Properties of A1(0)

P
A1(0) is positive if either Y~ 3; > 0 or for some m=1,...,p
j=1
m = [|A0(0)]].

Theorem

If we add the coupling constant y. then

e for yu— 0
P

A (0) = Z + O(p?).

e for i — oo
A1(0) = ujznfaxpﬁj + O(1).
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The moment of order n (supercritical case)

Let M, (v, u, t) be moment of order n for our BRW. Assume that
additionally to (4) and (5) the following conditions are satisfied:

(4) B (v) = :i:o k(k—1)...(k—=n+1)bk(v) < o0;

(&) BR(v+g)=BW(v), gel, I=k,...,n

The Cauchy problem for M,
{8tMn(v, ut) = (.AMn)(v, u, t) + Ra(v, u, t),
5

M,(v,u,0) = 0du(v),
where
Af(v) = a(v, u)f(u) + B(v)f(v),
uezd

= A0(v) n!

P > maMi(v,ut).. Mi(v,u,t), n>2
Ralvotn ) =00 TS,

0, n=1
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Asymptotic behaviour of M, (v, u, t)

Suppose that A;(0) > 0. Then the function M,(v, u, t) has the following
asymptotic behaviour as t — oo

In Mp(v, u, t) = nA1(0)t — % Int+ O(1).
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Thank you for your attention!
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